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Introduction

The plan is as follows: in section 1 I review deRosset and Fine’s proof system for the
impure logic of ground [1] and refine it in order to become a well-behaved proof system.
In section 2 | introduce and study a cut-free sequent calculus for weak full ground. In
section 3 I prove its equivalence with deRosset and Fine’s logic. Other notions of ground
are reconstructed within the framework of ILW G then.

The logic RFG

In this section | introduce a higher-level sequent calculus for the impure logic of
ground that is essentially the same as GG, the logic suggested by deRosset and Fine [1]. |
call this calculus RFG (for deRosset-Fine logic of Ground).

Let me begin with the initial definitions and conventions. The base language is a
propositional language, £, that includes a countable set of atomic sentences (p; i € N)
and the logical constants =, A and V. The set of formulas of this language is FORM,. |
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use A, B, C, ... for elements of FORM, and T, 4, ... (possibly with indices) for finite subsets
of FORM,. Sometimes a set of formulas is (partly) displayed by listing its members
separated by “,”. (I3, I5) is a covering of I' whenever ; UL, =T.

The grounding language is the extension of £ by four sequent-making operators: <,
<, < and < and one second-level-sequent-making operator I-. The following are
grounding sequents and their ordinary readings:

I' < A: T is aweak full ground for A
I' < A: I' is astrict full ground for A
A < B: Ais a weak partial ground for B

A < B: Ais astrict partial ground for B

| use s and t (possibly with indices) for grounding sequents and S and T (possibly
with indices) for a set of grounding sequents. Sometimes a set of grounding sequents is
(partly) displayed by listing its members separated by “;”. S I+ T is a second-level
sequent. Intuitively, in S 1I- T we read S (the antecedent of the second-level sequent)
conjunctively and T (its succedent) disjunctively. When | write A/B (or s/t), | mean that
the relevant piece of text can be read with both of them.

Definition 1.1 RFG is the second-level sequent system that includes the following
rules and axioms:

Pure Axioms of ground:

Identity SIks
Subsumption AI'<BIFA<B AI'<BIFA<B
I'<Awrr<A4A A<BIFAXB
Transitivity AB;B<XCIFAC A<SB:B<CIFA<C
Irreversibility A<SBIFA<B;B<A
Reflexivity FA<A
Non — circularity A<AIF
Cut — axiom <A AA<BWT,A
<B

Revers subsumption A4, .., A, <B;A; <B;..;A,<BI-A4 .., A4, <B
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Impure axioms of ground:

IFA < —a-4 I'<-—-AFrr<A4A
A/B<AVB II'<AVBWTI<AT<B;,<AAB
IFA,B<AAB Ir'<AANBWL <A/ <B;.;I, <A/ <B
IF—=A/-B < -(AAB) I'< 2(AANB) W T < =A;T <-B;I' < -(AVB)
IF ~A,-B < ~(AV B) < —-(AvB)WNL <-A/ <-B;.;[<-A/)T};
<-B

in which (I3, I7'), ..., (I}, I, ) are all of the coverings of I".

Rules:
ST Weakent SWT;s s;S’wT’Ct ]
S.s kT, ¢ eAeeng S:S FT;T ut —rute

In case S I+ T is derivable in RFG (that is defined as usual) we write RFG + S I+ T.
We say that a grounding sequent s is a theorem of RFG when RFG +IF s.

The main difference between GG, the original proof system of deRosset and Fine [],
and RFG is that instead of the axioms

F<A/\BIFGSA/G,SB;...;F,(SA/F];SB
I'<-(AVB) ”‘I—:'I_S_IA/I—:'I_,S_lB;...;FkS_IA/FkIS_IB

RFG includes, respectively:

I <AABWI, <AL <B|..|l <A <B
r< —|(AVB) ||‘['1S—|A;I—'1’ SﬁBIIFkSﬁA,FkI < -=B
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S I+ Ty ...|T,, (for n > 1) is a new data structure that is definable in terms of S I+ T,
semantically. Recall that we read the antecedent of a second-level sequent conjunctively
and its succedent disjunctively. Suppose one constructs a semantics that is appropriate for
this intuitive reading: S I+ T would be satisfied in a model whenever if every member of
S is satisfied in the model, then at least one member of T is so.

Definition 1.2 S I+ Ty] ... |T,, (for n > 1) is satisfied in a model of GG iff for some 1 <
i <n,S Ir tissatisfied in the model for all t € T;.

Lemma 1.3 In a model of GG, all S I+ sy; ...; s, foreverys; € S;,i=1,..,n(n > 1)
are satisfied iff for some 1 < j < n all S I+ s are satisfied for every s € §;.

Corollary 14 ' < AABWI <A/ <B;..;I,, <A/ I, <B is semantically
equivalent to
I'<AABIWFL <A <B| .|, < AT <B,inwhich ([, I{), ..., (I}, I}/) are all of
the coverings of I'. Similarly, for '< «(AVB) W[ <A/ < =B;..;I} <
—-A /I < =B.

Corollary 1.5 RFG and GG are semantically equivalent. Hence, RFG is sound and
complete with respect to the semantics introduced by deRosset and Fine.

After all, both of these proof systems suffer from a common weakness.

Theorem 1.6 Cut — rule is not eliminable in RFG (neither in GG).

The sequent system ILWG

All conventions and definitions for the base language of RFG mentioned at the
beginning of the previous section are assumed here. In addition, w(A) is the number of
occurrences of logical constants in A. Other relevant notions, such as the height of a
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derivation, etc., are defined as usual. The grounding language is derived by adding = to
Land I' = A is the only sequent. Intuitively, I' = A means I is a weak full ground for A.

Definition 2.1 ILWG is the sequent system containing the following rules and axiom:

Axiom:

A = A ldentity

Structural Rules:

I'>4A4 A=4
ra=A4

Mingle

Operational Rules:

I'=A4A

_—

I'=> -4 o

r=A4A A=>B=>/\ Ir=>A/B

A= ANAB I“:>AVB=>V
F:—|A/—|B A I' = <A A=>—|B=> Vv
_—

' -(AAB) rA=-(AvB) '

Derivability of I' = A is defined as usual and denoted by ILWG + I' = A or simply
by - I' = A when no ambiguity arises.

Definition 2.2 R(A), the class of sufficient reasons for A4, is recursively defined as
follows:

{4} € R(4)
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If A= B AC then {B,C} € R(A)

IfA=BvVCthen{B} € R(A)and {C} € R(A)

If A= —=-Bthen{B} € R(A)

IfA==(BAC)then {—wB} € R(A) and {—C} € R(4)

If A= —(BVC)then {=B,~C} € R(A)

Ifr e R(A)and 4 € R(A)then"u 4 € R(4)

If ' € R(A) and Iz € R(B) for every B € I' then Uger I3 € R(A).

Theorem 2.3 (Characterization) ILWG + T = Aiff ' € R(A).

Theorem 2.4 (Cut-Admissibility) Cut is admissible in ILWG.

I'=sC C,A=>A

Cut
A=A u

ILWG and RFG

In this section | prove that ILWG and RFG are equivalent in a significant sense.
Namely, I' < A is a theorem of RFG iff I' = A is derivable in ILWG. This shows thatthe
two logics are essentially the same, as far as we concerned with the logic of weak full
ground. A side-effect of this equivalence theorem is that other notions of ground can be
reconstructed, in a sense, within ILWG.

Definition 3.1

I' < Ais verifiable in ILWG whenever ILWG + T = A.

I' < Ais verifiable in ILWG whenever ILWG T => Aand A ¢ I'.

A < B is verifiable in ILWG whenever for some I', ILWG + A, T = B.
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A < B is verifiable in ILWG whenever for some I', ILWG + A, ' > Band B € ' U
{A}.

Lemma 3.2

GG FI-T < AiffI" < Ais verifiable in ILWG.
GG HI-T < AiffI" < Ais verifiable in ILWG.
GG FIF A < B iff A < B is verifiable in ILWG.
GG -1+ A < B iff A < B is verifiable in ILWG.

Theorem 3.3 (Equivalence) RFG —IF ' < Aiff ILWG T = A.

This establishes the equivalence of RFG and ILWG restricted to the logic of weak full
ground. But one can go one step further and claim something more. The lemma 3.3 shows
that whenever I' < A is a theorem of RFG the sequent I' = A is derivable in ILWG and
A¢rl. That is to say, ILWG characterizes the logic of strict full ground in its
metalanguage. Likewise for weak partial and strict partial ground. The upshot is that not
only is ILWG the logic for weak full ground, but it also provides a framework in which
one can characterize the logical behavior of other notions of ground. ILWG, is a rigorous
realization of Fine’s contention that weak full ground is, in a sense, the most basic notion

[2].
Reference

deRosset, L., Fine, K. (2022). A Semantics for the Impure Logic of Ground. Journal
of Philosophical Logic. https://doi.org/10.1007/s10992-022-09676-2

Fine, K. (2012b). Guide to ground. In F. Correia & B. Schnieder (Eds.), Metaphysical
grounding: understanding the structure of reality (pp. 37-80). Cambridge: Cambridge
University Press.

" il &yl oyl
VEe) il Y Lo

(5 e 25 ) A -

(@S <8y «) 0:0-


https://doi.org/10.1007/s10992-022-09676-2

O

Sl hie ezl Al (iales (rpoms
FoalS psle g oo, 0aSails ¢S sal oSl
V) el B Y

Adding Highly Generic Subsets of w2
095 (S Al 79,

BlosS yubl g olKils

r.hoseini.nave@gmail.com

JE2 (GCH) aidhprass gy 4008 o1 50 45wl laacgome 415 5l Joo oV a5 oS (08 oSy
5 L o5 aes ;T ;o a5 ols gualys @l VG] abarwg Jow o S )98 pogie o (Byra b o ol
3925 Ry Jlud)l5 51 A © Wy asgezme S a5 (gy5b 40wl winlys i aiblprand jlwgn 4008 (izen
il X NA 2 g X\ AoV @ 3lie X C Wy sl)led dcgome yo 5l 4 ail ansls

Slesde gl tslo 5l (2l ile (il Loyt b S 98 1 guals Wlols

Starting from the GCH, we build a cardinal and GCH preserving generic extension of
the universe, in which there exists a set A C w» of size N, so that every countable subset
of A or w, \ A is Cohen generic over the ground model.

It is clear that if £ > N; is an infinite cardinal, then the Cohen forcing P, = {p: k —
2 : |p| < Ry} forces the existence of a set A C & of size & such that X N A and X \ A are
non-empty for all countable ground model sets X C k. It also forces 2% > k. hence for
K > Ny, the GCH fails in the extension. Moti Gitik asked the following natural question:

Suppose that the GCH holds and k > N, is a cardinal. Is there a cardinal and GCH
preserving extension of the universe in which there exists a set A C & of size &, such that
for all countable sets X € P(k) NV, XN A and X \ A are nonempty?

In this paper which is a joint work with Esfandiar Eslami and Mohammad Golshani.
we use Todorcevic’s forcing with matrices of countable elementary substructures (P2)
to answer the question for the case k = Ns.

Fix a well-ordering of H,, and set S = {M € [H,,|* : M < H,,} which is a stationary
subset of [H,,|™. A condition p of forcing notion PP is a pair (M,, f,), whenever:
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(i) M, € P¥;
(i) fp:ws — 2 is a finite partial function;
(i73) If M, N € M, with M Nw; = N Nwy, then
— a € (dom(f,) N M) = oy n(a) € dom(f,),

— for each a as above, f,(pymn(a)) = fp(a).

For p,q € P, we say p < ¢ if and only if M, C M, and f, C f,.
The forcing notion P preserves the GC'H and cardinals. Now let G be a P-generic
filter over V and set A = {f,(a) : p € G,a € dom(f,)}. Then A is a subset of w, of size

N5 which satisfies all the requirements
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Introduction

Keisler measure are natural generalizations of types and have had important
applications in model theory in recent years. In [HPPO08], [HP11] and [HPS13], this notion
has been widely studied in stable and NIP theories and important results and applications
have been obtained. According to these results, the basic question is whether it is possible
to prove similar results for arbitrary theories. The present paper aims to investigate
‘generic stability’ for measures in arbitrary theories. For this, we first generalize/adapt
some results of [Kha22] on generically stable types to continuous logic, and then we
transfer these results to measures in classical logic using randomization. We define the
notion of R-generic stability, as a property of measures in classical logic, and show that
ameasure has this property if and only if a canonical randomtype behaves like generically
stable types in the sense of continuous logic. We will see that, in countable languages,
every R-generically stable measure is a f am measure. On the other hand, we show that
every f im measure is R-generically stable, and assuming a local variant of NIP, a global
measure is f im if and only if its corresponding random-type is generically stable (over a
model of the form M @ A).1 Finally, we refine some of the previous results/observations.
In particular, we prove that a measure is R-generically stable iff its corresponding
random-type is generically stable (over a model of the form M @ A).

Let us give our motivation and background. First, we believe that model theory has a
deep analytical nature that is not yet fully studied. In [KP18], [Kha20], [Khal9b],
[Kha21a], [Kha21] and [Kha22], some analytical aspects of model theory/classification
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theory were studied. Roughly, it is shown that some model-theoretic notions appeared
independently in topology/functional analysis/descriptive set theory, and moreover
various characterizations yield the characterization of NOP/NIP/NSOP in a model M or
set A, and some important theorems in model theory have twins there. Also, there are
connections between classification in model theory and classification of Baire class 1
functions which lead to a better understanding of both of these topics [Khal9b]. The key
idea is that the study of the model-theoretic properties of formulas in ‘models’ instead of
only these properties in ‘theories’ develops a sharper stability theory and establishes
important links between model theory and other areas of mathematics. In the present
paper, we continue this approach and complete/generalize some results of [Kha21] and
[Kha22]. This article contains a report of the results of [Kha22a]. The notions and
definitions are fully stated, although some proofs are referred to the original article. This
paper is organized as follows. In Section 2, we generalize/adapt some results of [Kha22]
on generically stable types to continuous logic. We give characterizations of generic
stability of continuous types in the terms of convergence of (Morley) sequences of types.
In Section 3, we introduce the notion R-generic stability for measures in classical logic.
We show that a measure (in classical logic) is R-generically stable if and only if there is
a canonical random-type which behaves like generically stable types (in the sense of
continuous logic).
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Continuous logic and generic stability

In this section we introduce the notion of generic stability for types in contin-
uous logic and give characterizations of this notion which will be used later.
The proofs are adaptations of the arguments in classical logic [Kha22].2

Therefore, we introduce the notions in details but we will refer the proofs
to the classical case and explain why arguments in classical case work here as
well. We assume familiarity with the basic notions about continuous model
theory as developed in [BBHUOS].

In this section, we fix a continuous first order language L.* a complete
countable (continuous) L-theory 7' (not necessarily NIP), and a small set
A of the monster model U. The space of global types in the variable z is
denoted by S,(U) or S(U).

In the following, ¢(Z) is a formula, r, s are real numbers in [0, 1], and
o(z) < r, ¢(x) > r, and ¢(T) = r are L-statements (or L-conditions) in
continuous logic.

Recall that, in continuous logic, we use sup, inf, min, max, < instead of
V,d, A, V, =, respectively. However, we will sometimes continue to use classic
symbols to make our article more readable.

Definition 2.1. Let A C U and ¢(xy,. ..,z,) € L(A). We say that ¢(x,, ..., z,)
is symmetric if for any permutation o of {1,...,n},

SL}p |¢(I13 R 71'11) = d)(:L',,(l), st ,Ia(n))l — 0

The following is an adaptation/generalization of [Kha22, Def. 2.3].

Definition 2.2. (i) Let (b;) be a sequence of U and A C U a set. The
eventual Ehrenfeucht-Mostovski type (abbreviated EEM -type) of (b;) over A,

2This section can’t be read without firm grasp of [Kha22].

3 As mentioned earlier, in this paper, the language is countable, however we can consider
separable languages. Also, we can study separable fragments of the language. To make
the proofs more readable, we assume that the theory is countable.
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which is denoted by EEM ((b;)/A), is the following (partial) type in S, (A):
(¢(z1,...,2x) =7) € EEM((b;)/A) <= lim A(biy, ... by ) =T

11 <<, 11—00
(ii) Let (b;) be a sequence of U and A C U a set. The symmetric eventual
Ehrenfeucht-Mostovski type (abbreviated SEEM -type) of (b;) over A, which
is denoted by SEEM ((b;)/A), is the following partial type in S,(A):

{(15(:1:1, . xp)=1:(6(T)=r) € EEM((b;)/A) and ¢ is symmetric}.

Whenever (b;) is A-indiscernible, we sometimes write SEM ((b;)/A) instead
of SEEM((b;)/A).

(iii) Let p(z) be a type in S,(A) (or S,(U)). The symmetric type of p,
denoted by Sym(p), is the following partial type:

{(‘P(l) B 'r) Ep:¢is symmetric}.

The sequence (b;) is called eventual indiscernible over A it EEM((b;)/A)
is a complete type. In this case, for any L(A)-formula ¢(z), the limit lim;_,. ¢(b;)
is well-defined.

Let p(z) be a global A-invariant type. The Morley type (or sequence) of
p(z) can be easily defined similar to classical logic.* The Morley type (or
sequence) of p(z) is denoted by p'“). The restriction of p(x) to A is denoted
by p|a. A realisation (d; : i < w) of p)|4 is called a Morley sequence of/in
p over A.

Lemma 2.3. Let p(xz) € S(U) be finitely satisfiable in M where M is separa-
ble model.®> Then there is a sequence (c;) in M such that SEEM ((¢;)/M) =
Sym(p“|ur)-

We say that a sequence (d;) € U of z-tuples converges (or is convergent) if
the sequence (tp(d;/U) : i < w) converges in the logic topology. Equivalently,
for any L(U)-formula ¢(x), the sequence (¢(d;) : i < w) is convergent, i.e.
for any € > 0 there is an natural number n such that |¢(d;) — ¢(d;)| < €
for all i,j > n. If (tp(d;/U) : i < w) converges to a type p, then we write
limtp(d;/U) = p or tp(d;/U) — p. Notice that tp(d;/U) — p iff for any
L(U)-formula ¢(z),

(o0 =1) b > mola) =r

4Ct. [S15], subsection 2.2.1 for definition in classical case.
We can assume that M is a separable set in some model.
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Theorem 2.4. Let T be a separable continuous theory, M a separable model,
and p(z) € S(U) a global type which is finitely satisfiable in M. Let (d;) be a
Morley sequence of p over M. If (d;) converges then there is a sequence (c¢;)
in M such that tp(c;/U) — p.

Proof. The proof is an adaptation of the argument of Theorem 2.8 of [Kha22].
O

The following is the counterpart of Definition 3.1 to continuous logic.

Definition 2.5. Let M be a model and (p,(z) : n < w) be a sequence of
types over M. We say that (p, : n < w) Baire-1/2-converges (or is Baire-
1/2-convergent) if the independence property is semi-uniformly blocked on
(pn : n < w), that is, for any formula ¢(z,y), and for each r < s, there is
a natural number N = N? and a set E C {1,..., N} such that for each

ip <--- <iy <w, and any parameter b € M, the following does not hold

/\ (¢p(z.b) <) € pi; A /\ (¢(x,b) > s) € pi,.

JEE JEN\E

In the above, we can assume that M is the monster model.

Remark 2.6. Notice that in Theorem 2.4, the sequence (tp(c;/U) : i < w) is
Baire-1/2-convergent. In fact, as SEEM((c;)/M) = Sym(p“’|ar), any/some
Morley sequence is convergent if and only if (tp(c;/U) : i < w) is Baire-1/2-
convergent. In particular, if the Morley sequence of p is totally indiscernible
(e.g. p is generically stable),

EEM((c;)/M) = SEEM((c;)/M) = Sym(p“|ar) = p“)|ar.

This means that Morley sequences of p are controlled by the sequence (¢;) €
M, and vice versa. We will shortly see that this fact leads to a new and useful
characterization of the following notion, namely generic stability.

The following is the natural/correct adaptation of generic stability from
[PT11] to continuous logic (cf. Remark 2.8(v) below).

Definition 2.7 (Generic stability). Let T be a continuous theory and A a
small set of the monster model. A global type p(x) is generically stable over
A if p is A-invariant and any Morley sequence (a; : i < w) of p over A
is totally indiscernible AND it has no order; that is, there is no a sequence
(b; i < w), a formula ¢(x,y), and r < s such that (a;,b;) < r ifi < j and
¢(ai,bj) > s in otherwise.
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Remark 2.8. Let p(x) be a global A-invariant type. The following are equiv-
alent.
(i) p is generically stable over A.
(ii) p is A-invariant and for any Morley sequence (a; : i < w) of p over A,
we have lim tp(a;/U) = p.
(iii) The condition (ii) holds and furthermore, the sequences (tp(a;/U) : i <
w) are Baire-1/2-convergent.
(iv) Any Morley sequence of p is totally indiscernible AND convergent.
(v) For any Morley sequence (a; : i < «) (any «, not only w) of p over A,
and any formula ¢(x) (with parameters from U) and r < s, at least one of

{i: = ¢(a;)) <7} or{i: = ¢(a;) > s} is finite.

The following theorem gives a characterizations of generically stable types
for countable theories. The important one to note immediately is (ii).

Theorem 2.9. Let T be a continuous theory, M a small model of T, and
p(xz) € S(U) a global M-invariant type. The following are equivalent:

(i) p is generically stable over M.

(ii) p is definable over a small model, AND there is a sequence (¢;) in M
such that (tp(c;/U) : i < w) Baire-1/2-converges to p.

(iii) p is definable over and finitely satisfiable in some small model, AND
there is a convergent Morley sequence of p over M.

Proof. The proof is an adaptation of the argument of Theorem 4.4 of [Kha22].

Measures and random types

In this section we first introduce the notion of R-generic stability, as a property of a
measure in classical logic, and then using the results of Section 2 we study this notion and
related random-types (in the sense of continuous logic) and their connections. We study
two variants of random-types related to a measure, namely the natural extension (Section
3.2) and the corresponding random-type (Section 3.3). We study their relationship with f

am and f im measures.
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R-generic stability

In this section we introduce the notion of R-generically stable measure in
classical logic, and show that this notion and its corresponding notion in
NIP theories [HPS13] coincide. We show that every R-generically stable
measure is a fam measure.

In this section, we fix a (classical) first-order language L, a complete
countable L-theory T" (not necessarily NIP), and a small set A of the monster
model Y. The space of global types in the variable x is denoted by S, (i) or
SU).

We first give a notion/notation. Let p(x) be a global measure, rq,...,7r; €
[0,1] such that " r; = 1. The measure p>-" is defined as follows: for any
formula ¢(z,y), and any parameters by, .. ., by,

k

p=T(gs (B)Y) = D i (9 (x, b)),

1

The following notion is technical but we will shortly see that it is the
natural generalization of the corresponding notion in the case of type.

Definition 3.1. Let (u,(z) : n < w) be a sequence of global A-invariant
measures. We say that (p, : n < w) is randomly convergent (or randomly
converges) if for any formula ¢(z,y) and for each r < s, there are a natural
number N = N2, and a set E C {1,..., N} such that for any ry,...,7% €
[0,1] with > 7 = 1 and any parameters by, ...,br and for each i; < --- <
iy < w, the following does not hold

AZ" @) <r A N\ B0 25 (%)

JEE JEN\E

Remark 3.2. (i): In the above definition, if (%) holds just for k = 1,
then we say that (ju, : n < w) is Baire-1/2-convergent (or Baire-1/2 con-
verges). (Campare Definition 2.5 above.) A question arise. Is every Baire-
1/2-convergent sequence randomly convergent?

(ii): It is easy to verify that: (pu, : n < w) randomly converges if and only for
any formula ¢(x,y) and for each r < s, there are a natural number N = N;{’S
and a set E C {1,..., N} such that for any r1,...,ri € [0,1] with > re =1
the sequence (#nZ'{ " :n < w) Baire-1/2 converges (with respect to N, E fived
above). This is tmportant in the proof of Theorem 3.11 below.
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Definition 3.3. (i) Let p(x) be a global measure. We say that p is R-
generically stable over A if u is definable over A, AND there is a sequence
(ftn : n < w) of measures such that:

® i, = é Zfllpn-i where an; = pni and an; € A (for all n). and

® (/tn : n < w) randomly converges to .

(ii) Let p(x) be a global type. We say that p is R'™Pe-generically stable over
A if p is definable over A, AND there is a sequence (p, : n < w) of types
such that:

®a, =p, and a, € A (for all n), and

® (pn : n < w) randomly converges to p.

Remark 3.4. (1): Notice that for a type p, the conditions in (ii) implies the
conditions in (i), but there is no reason for the converse to be true.

(2): On the other hand, we can make a more subtle distinction. Indeed, for
any finite set F of real numbers in [0,1], we can give a generalization of
Definition 3.3(ii) as follows. Let p(x) be a global F-valued measure. We say
that p is RF-generically stable over A if p is definable over A, AND there is
a sequence (i, : n < w) of F-valued measures such that:

® i, is a F-valued measures of a conver combination of types realized in A
(for all n), and

e (p1n : n < w) randomly converges to .

Although we will not study it in this article, we believe that for a fized F, the
latter notion and the usual notion of generically stable type are of the same
nature and complexity.

First we show that, for types, R'P¢-generic stability and the usual notion
of generic stability coincide. The following is a new characterization of generic
stability which is interesting in itself.

Fact 3.5. Let p(x) be a global A -invariant type. The following are equivalent:
(i) p is generically stable over A (as in [PT11]).
(ii) p is R"P*-generically stable over A (as in Definition 3.3).

Recall that the notion of generically stable measures for NIP theories
was introduced and studied in [HPS13]. The next observation show that the
new and usual notions coincide, in NIP theories.

Proposition 3.6. (Assuming T is NIP.) Let yu be a global measure. Then
i is R-generically stable over A (as in Definition 3.3(1)) iff it is generically
stable over A (as in [HPS13]).
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Proof. Recall that, in NIP theories, any definable and finitely satisfiable
measure is generically stable. Therefore, this follows from the definition. (In
particular, for types, R-generic stability and R"-generic stability are the
same. ) O

We need to recall from [G21, Definition 3.1] the notion of sequential
approximation of measures. Let p(r) be a global measure. We say that p
is sequentially approximated over A if there is a sequence (g, : n < w) of
measures such that:

DT— iZtﬂ—_ll’i where a; &= p, and a; € A (for all n), and

® (yt, : n < w) converges to .

Notice that convergence is in the logic topology or equivalently the topology
of pointwise convergence. (Cf. [G21], Definition 2.1.)

Proposition 3.7. Let u(x) be a global measure. If p is R-genervically stable
over A, then p is fam over A.

Proof. This follows from Proposition 3.4 of [G21]. First notice that, as T is
countable and yu is definable, we can assume that A is countable. Clearly,
by definition, p is sequentially approximated over A. As p is definable and
sequentially approximated, Proposition 3.4 of [G21] implies that p is fam.
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Random types and R-generic stability

Randomization of a first-order structure M, as formalized by Ben Yaaocv
and Keisler [BK09|, is a new continuous structure whose elements are random
elements of M. In this section we show that a measure u (in classical logic) is
R-generically stable (as in Definition 3.3) if and only if a canonical random-
type (i.e. the natural extension) behaves like generically stable types in
continious logic (as in Theorem 2.9). Although. in Section 4. we show that
R-generic stability is equivalent to a perfect analog of generic stability in the
sense of continuous logic.

We assume familiarity with the basic notions about randomization of
classical structures/theories as developed in [BK09] and [Benl4]. Although
we recall some notion and results from [Benl4]. In the following T is a
classical theory and T its randomization, as a continuous theory.

Convention 3.8. In this section, the symbol @ is not used for the Morley
product of types/measures, but will be used in another sense.

Convention 3.9. In the rest of the article, whenever necessary, we write
the parameters in continuous logic (i.e. in U) in bold letters a,b,c....
Otherwise, we use a,b,c,. ...

Let M be a classical L-structure and A an atomless measure algebra.
The L%-pre-structure (M ® A), is defined as follows. The domain consists
of all formal finite sums Zi < Mi @ €;, also written me, where m € M and
€ = (€)ick € A is a partition of the identity. If ¢ is any other event then
one can easily refine the partition and we identify members of (M ® .A), with
other members obtained by refinement of partition. In this case, it is easy
to check that:

f(& ® e, b ® é, . ) = (f((l.i, bi, .. )) ® é,
[Pa®eb®e,...)] = \/{ei : P(a;, b;,...)} € A.
As the distance symbol interprets a metric on (M ® A)o, its completion is
denoted by M @ A. Notice that if M |= T then M ® A |= T*.
Let p(z) be a measure over M. Then, it is a random type over M, but

not over M ® A. Although there is a natural extension g ® A of pu over
M ® A. For every L-formula ¢ we define

P [(,b (i, Z miei)] = Z Ple;|P*[o(Z, m;)].

As this is only defined for formulae over the parameter set (M ® A)y, it can
be extended by continuity to the whole structure. The type p ® A is called
the natural extension of p.
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Fact 3.10 ([Benl4], Proposition 1.1). Let U be the monster model of T,
a global measure, and A an atomless measure algebra. Suppose that M is a
separable model of T and Ay =< A is separable.
(1)) M@ Ay 2UR A.
(ii) p is definable over M if and only if the type p @ A is definable over M.
(iii) p is finitely satisfied in M if and only if the type p® A is finitely satisfied
in M ® A.

We are now ready to give the main result/observation of this subsection.

Theorem 3.11. Let T be a (countable) classical theory, M a small model of
T, and p(zx) a global M-invariant measure. Let A be an atomless measure
algebra such that [0,1] < A. The following are equivalent:

(i) p is R-generically stable over M (as in Definition 3.3).
(11) There is a sequence (a,) € M ® [0, 1] such that (tp(an/U ® A) : n < w)
Baire-1/2-converges to jp ® A.

Proof. See Theorem 3.12 in [Kha22a] O

Remark 3.12. (i) One can NOT expect that a combination of Theorem 3.11
and Theorem 2.9 implies that a measure p (in classical logic) is R-generically
stable if and only if “its randomization” is generically stable (in continuous
logic). The reasons are that: (1) There is no guarantee that U @ A is the
monster model of T®, and u® A is not the first candidate for randomization
of ., unlike p [V defined in Subsection 3.3 below. (See the following exzample
on (non-)saturation of models of the form M ® A.) (2) The randomization
w IV of , as defined below, is an extension of p®.A, AND there is no reason
that p [V will be finitely satisfible assuming that p ® A is finitely satisfible.
This is the reason why in Proposition 2.1 of [Benl/] the author made an-
other assumption (i.e. NIP) . Although in the following we prove, with a
weaker assumption than NIP, that a measure p is fim if and only if p [V
is generically stable over a model of the form M ® A.
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(i1) (Example) James Hanson pointed out to us that randomizations of the
form M & A are not sufficiently saturated in general® For an easy example,
let T be DLO with constants added for Q. Consider the Lebesque measure on
[0, 1] and let p be the corresponding type in T®. No model of T® of the form
M @ A can realize p, because for any element a of such a model, tp(a) corre-
sponds to a measure in T with atoms. (And this is in the completion, not just
the pre-model. Any type corresponding to a measure with finite support has
distance 1 from p in T®'s type space.) He also suggested a characterization
of a theory T such that models of T® of the form M @ A can be arbitrarily
saturated: a proper subclasses of stable theories.

(iv) It s known by Conant, Gannon and Hanson (in an unavailable pa-
per) that there are definable and finitely satisfiable measures which their
randomizations are not finitely satisfiable. Although, Using the dominated
convergence theorem, it is easy to see that randomizations of fam (and so
R-generically stable) measures are finitely satisfiable in models of the form
M&A. The converse is problematic for generically stable types in continuous
logic. because we do NOT know whether if randomization of p 1s finitely sat-
isfiable (in a model not necessarily of the form M & A) then p will be finitely

“Although, probably simultancously {(and of course independently) we and Hanson
realized that i @ A could not be the monster model, it was Hanson who made this clear.
satisfiable or not. One of the reasons that we think the notion of R-generic
stability is suitable for our purpose is that this problem does not appear here.
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Abstract: Elimination of imaginaries for real closed valued fields down to geometric sorts was

first proved by Tim Mellor in [Mel06]. The main strategy in [Mel06] is to move to the algebraic
closure and quote the methods developed in [HHMO06]. Hence, as the main proof in [HHMO06] is
“inaccessible”, Mellor’s proof appears to be hard to understand as well. Will Johnson in [Joh20],
finds a shorter as well as a more “conceptual” proof for the elimination of imaginaries in
algebraically closed valued fields (referred to as ACV F) using an abstract criterion for elimination
of imaginaries from [Hrul4]. In this chapter, | reprove the elimination of imaginaries for real
closed valued f ields (referred to as RCV F) with Johnson’s method from [Joh20]. So, | prove
nothing new here. To be clear, we make use of the pieces of machinery developed in [Mel06] as

well as in [Joh20] on many occasions.

2 Elimination of Imaginaries in RCV F

In this section, we prove the elimination of imaginaries for RC'V F' down to the geo-
metric sorts. This is a known fact proved by Mellor [Mel06]. Mellor relies on the fact
that R(i7) = C and on the proof of the elimination of imaginaries for ACV F proved
by Haskell, Hrushovski, and Macpherson in [HHMO06]. I reprove Mellor’s result us-
ing Theorem 3.1 of [Joh20]. Let’s refresh our memory with the criterion which is a
sufficient (and not a necessary) condition for elimination of imaginaries for a theory

T:

Theorem 2.1. Let T be a theory with R |= T the home sort, and let G be a collection
of sorts, then T' has elimination of imaginaries if the following conditions hold:
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e For every non-empty, R-definable set X C R, there is an acl®(" X 7)-definable
type in X.

e Every definable type in R™ has a code in G (possibly infinite).
e Every finite set of finite tuples in G has a code in G.
Proof. Theorem 4.1 of [Joh20]. O

The rest of this section is to verify each item in a subsection. So for the rest of the
section, let 7" be RCV F. Furthermore, as the Johnson-geometric sorts are coded in
HHM-geometric sorts, I'll first verify the first two items using the Johnson-geometric
sorts, and I'll verify the last item using HHM-geometric sorts.

2.2 Definable Types for Definable Sets

We first show that for each R-definable set X C R (i.e. R-definable sets in one
variable), there is a acl®¥(” X 7)-definable type in X. So, the target is Theorem 2.2.1.
To do that we use quantifier elimination for RC'V' F' in the one-sorted language, and
the decomposition result proved by Holly [Hol95]. We also, use the fact that the value
group is densely ordered and the residue field is real closed. The ball cuts are convex
definable sets and if that the original definable set is non-empty, at least one of the
disjuncts should be non-empty. So we have:

Lemma 2.2.1. Let D C R, be a definable set, then there is an acl®("D™)-definable
type in D.

Proof. Let D C R' be a R-definable set, then by ??, there are balls (Bi, Bo, ..., B,)
such that D is equivalent to:

(B;* N B) U (BE N BY)....U (B3 N B2) ()

i.e. D is a finite union of set difference between ball cuts. But if D # (), then at least
one of the disjuncts in (%) is non empty (call it C'). Ball cuts are convex and convex
sets are closed under intersection. Now take the p.. the left generic type of C' which
is definable over "D as C' is "D -definable. So, for a definable set D, we have a
acl®(™D7)-definable type i.e. pg. O

2.3 Coding the Definable 1-Types

In this subsection, we show that for any C-definable 1-type p, where C' C M is smaller
than the saturation of the monster, p has a code in the geometric sorts (possibly
infinite). Following quantifier elimination for RCV F, p is a collection of formulas
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that are equivalent to a Boolean combination of formulas of the form p(z) = ¢(z),
p(z)|q(x), and p(z) < g(x). Hence, the task of finding a code for p in the geometric
sorts reduces to find a code for

e The subspaces of R"[X]|/I, for an ideal I.
e Definable ways for turning vector spaces into valued vector spaces.
e The order structure for the field R.

We make this more precise. First, for the subspaces of R", we have the following
general lemma (Note that in the statement R represents any field. I used R instead
of K in the Johnson's paper, in order to be consistent with the rest of the current
manuscript):

Lemma 2.3.1 (Lemma 4.3. in [Joh20]). Let R be any field, and V C R™ a sub-space,
then V is coded by a tuple in R. Moreover, V has "V -definable bases.

Proof. Let V be a m-dimensional subspace of R™ and let # : R® — R™ be some
coordinate projection, then 7|y : V — R™ is an isomorphism (as a R-vector space,
V is isomorphic to R™). Now consider 7~ !(ey, €a, ..., €,,,), where ¢;s form the standard
basis is a basis for V. Moreover, 7=!(ey, €3, ..., €,,,) is "V -definable. O

The Lemma 2.3.1, is used to code the sub-spaces of R". Now we need to find
codes for valued vector spaces:

Definition 2.3.1. Let V be a R-vector space. A VVS structure on V' is a bi-
nary relation r such that there is a valued R-vector space structure on V' such that

r(z,y) < v(z) < v(y).

But for a field R, the VV'S structure on subspaces of R" are definable ways to
turn a vector space into a valued vector space. As the original proof of Johnson
[Joh20] only uses vector spaces (and not the condition that R is algebraically closed),
his proof applies to our case as well.

Theorem 2.3.2. Let 7 be a code for a VV'S structure on R™, then 7 is interdefinable
with some code in the geometric sorts.

Proof. See [Joh20], Theorem 5.3. O
We have the following similar theorem to Theorem 5.5 of [Joh20]:

Theorem 2.3.3. Let p(Z) be a definable type in R™, then p(Z) has a code in Johnson-
geometric sorts (i.e. Ry;s).

I Jle &1y ol
VE) sl ¥ o

(5 e <35 ) V83 -

(@s=,S 8y 4) \Vib-



®
4

Sl hie ezl Al (iales (rpems
FomalS pole 5 ool caSlidle ¢ S sl olRisls
AAEARRVEIA S o

Proof. Let p be a complete C-definable type in R". Following the quantifier elimi-
nation for RCV'F in the language {0,1,+, —, %, <,|} (i.e. the one-sorted langnage
for real closed valued fields), we have that every formula in p is a finite Boolean
combination of the following items:

e pi(Z,¢) = 0.
* pi(Z,6)|p2(Z. €).
e n(Z,¢) <0.
for some ¢ € C™. Again, following the quantifier elimination in one-sorted language,
the type p is determined by the following data:
e A unique ideal containing all of the Q(X) € R[X] such that Q(z) = 0 is in
p(T).

e A valued R-vector space structure on R[X]/I where I is the unique ideal in the
previous item.

e A set containing all of Q(X) € R[X] such that Q(Z) < 0 is in p(z) which picks
up the order uniquely.

To capture all of the items, we follow Johnson’s method in [Joh20]. For each
d < w, consider the following set of data (let Vj; be the set of all polynomials in R[X]
of degree < d):

e Let I, be the set of all Q(X) € Vj, such that Q(z) = 0 is in p(Z).

e Let R, be the set of all Q;(X) x Q2(X) € V; x Vj such that Q,(Z)|Q2(%) is in
p(T).
e Let Oy be the set of all Q(X) € Vj; such that Q(z) < 0 is in p(Z).

Note that the third item is supposed to capture the unique order structure in K.
First item is coded by Lemma 2.3.1, the second is Theorem 2.3.2. The only bit of
information missing here is the third one.

Let Q(z,¢) < 0 in p(z). Let D = {¢ : Q(Z,¢) < 0} and define the following
equivalence relation:

¢ ~ d if and only if YZ(Q(Z.¢) < 0 & Q(z,d) < 0).

Let [¢] to be the equivalence class of ¢ under the above-mentioned equivalence relation.
By the elimination of imaginaries for RC'F', we have that there is a code for [¢] in the
home sort. Call this element ¢, and let "0, be all of ¢;s for each Q(Z,y). Now take
Ui " 1aTUTR4TUT Oy as the code for the p(z). O
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2.4 Coding Finite Sets

Finally, we need to code any finite set of finite imaginaries in the G i.e. to show
that finite tuples from G are coded in G itself. Here is an attempt to code the finite
set of finite tuples of G using unary sets and Proposition 2.3.10 of [HHMO06]. We
review preliminaries on unary sets from [HHMO06] and [HHMO8]. The main idea in
this subsection is to use the canonical ordering on the main sort to define an ordering
on the unary sets.

As a remark note that in the main sort (the ordered valued field) R (as well as in
the ACV'F case), every one-dimensional definable set is a finite union of balls, which
results in a notion of independence. The motivating idea for unary sets is to develop
a similar notion of independence in the S,, T}, sorts.

First, recall that a torsor U of a O-module A is a coset of A. Equivalently, U is
a set with a transitive action of A on U. A subtorsor of U is a set of the form u + B
where B is an O-submodule of A. Call an O-submodule a definable 1-module in R
if it is definably isomorphic to A/yB, where A is O,m or R and B is O or m with
U<y <1,

Call a set equipped with a definable transitive action of an definable 1-module,
a definable 1-torsor. Note that definable 1-torsors are cosets of definable 1-modules.
Moreover, if the 1-torsor is defined with parameters from C, call it a definable C' —
1—torsor. Finally, here is the definition for a C-unary set:

Definition 2.4.1. A C-unary set is a C'— 1—torsor or an interval [0, @) in I'U {oc}.
Moreover, a unary type is the type of an element in an unary set.

Note that any closed ball containing 0 is definably isomorphic to @ and hence,
is a unary set. Furthermore, R = R/0.0 is a unary set. In Proposition 2.3.10 of
[HHMO06], we see the connection between the unary sets and the geometric sorts. Call
a sequence (ay, as, ..., a,) of elements from G a unary code if each a; is an element of
an unary set defined over dcl(a; : j < i).

Recall that a Swiss cheese is a non-empty set of the form B\ (B, UByU...UB,).
For a unary set U, define a Swiss cheese to be a non-empty set ¢\ (£, Uta U...Ut,),
where t,t;s are definable subtorsors of U. Lemma 2.3.3 in [HHMO06], shows that there
is a unique decomposition result for the unary sets.

Lemma 2.4.2. Let U be a C — 1—torsor, C C R and X a definable subset of U,
then X is a unique finite union of Swiss cheeses.

Proof. Follows from Theorem 2.1.2 of [HHMO06]. O

Moreover, there is a notion of generic element as well as a generic type for unary
sets:
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Definition 2.4.3. Let ' be a set of parameters and U an acl(C)-unary set and
a € U. Say a is generic in U over C if a lies in no acl(C)-unary proper subset of U.

Let U be a C-definable unary set, and a,b € U. From the uniqueness result of
2.4.2, if a,b lie in no C-definable proper subtorsors of U, then a =¢ b (see Lemma
2.3.3, (i1)). This plays a crucial role for coding finite sets of finite tuples from G in G.
First, let us pin down the notion of a unary code (Definition 2.3.10 of [HHMO06]):

Definition 2.4.4. Let e be an imaginary, then (a,, ..., a,), a sequence of imaginaries
(all in R), is a unary code for e if del(e) = del(a, ..., a,) and each a; is an element
of a unary set defined over del(a; : j < i) for all 7.

Finally, we have the following result:

Fact 2.4.5. Let G be the collection of geometric sorts defined earlier, then for each
s € G, there is a unary code lying in G.

Proof. Proposition 2.3.10 of [HHMO06]. O

The above-mentioned Fact, allows us to think about the imaginaries of the sorts
S, UT,, as a sequence of elements of unary sets (with an extra condition). Hence,
if we can use the canonical ordering on the main field to induce an ordering on the
collection of unary sets, then we are done. The main strategy for the following lemma
is to find a generic element for each unary set and use the natural ordering on the
main valued ordered field R. In the next Lemma, we see whether the ordering on

R,k can be “carried” to the unary sets. The argument goes by cases:

Lemma 2.4.6. Let U be a unary set. Then there is an ordering on U induced from

the valued field.

Proof. By definition, a C-unary set U is a C'—1—torsor or an interval [0, o) in TU{oc}.

e In case, U is of the form [0, @) in 'U{cc}, we have nothing to prove, because of
the canonical ordering on the value group which is a divisible ordered abelian

group. Hence, there is an ordering involved here.

e In case, U is a ' — 1— torsor of a definable C' — 1— submodule and U is of the

form O/~O, then U is a set of the form r +~O. Considering that r € O,

define

r+v0 < s+~0 if and only if r < z for all z € s + vO (O is totally ordered).

e In case. U is a C' — 1— torsor of a definable C' — 1— submodule and U is of the

form m/~ym, then U is a set of the form r + ym, considering that » € m,

define

r+ m < s +vm if and only if r < z for all z € s + ym (m is totally ordered).
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The above lemma holds essentially because there is a canonical ordering on R,
hence on O, m and k the residue field. With this in mind as well as Lemma 2.4.5,
we know that each finite sets tuples has a unary code, and moreover, there is an
ordering on the unary sets from the canonical ordering of the valued field. We try to
be more constructive here and find the tuple itself. To do that, we use the proof of
the Proposition 2.3.10 of [HHMO06] in which they find a code for each O-lattice. We
use the same code and the ordering on the main field to prove the following lemma.

The following contains three proofs for the Lemma, the first of which is coming
from the ordering on the unary sets (e.g. Lemma 2.4). In this approach, we use the
ordering on the unary sets to turn a unary code into a tuple with an ordering on the
set of such tuples. In the second approach, we don’t use the Lemma 2.4, but having
a unary code for each imaginary, we use the unary code and the fact that for s € S,,,
we find a unary code like (¢y,by, ¢,—1,b,-1,5), but then by the proof of Proposition
2.3.10, s is in a (e1,b1,¢,—1, by—1)-definable unary set, which has a generic point by
Lemma 2.4.3, we claim that this generic point is the code for the s. Lastly, in a final
version, having defined a unary code (¢y, by, ¢,,—1, b,—1) for the imaginary in question,
by definition, we know that each element is a member of a unary set, then we take
the generic points (ay, as, az, ay) as generic points of each unary set which is a tuple
by the ordering.

Lemma 2.4.7. Any finite set of finite tuples of G is coded in G.

Proof. 1 prove the elimination of imaginaries down to the HHM-geometric sorts G =
{T,.,Sm,R}. Let s € G be a finite set tuples in G. Hence, s = {sy, $9,.... 5, }. Because
the sorts are either R, UT,,, or US,,, we have three main cases to consider. Let
sg C s be the tuples from the real closed field sort, sy C s be the tuples from the
UT,, and sg C s be the tuples from the US,, sort. The aim is to find a way to turn
s = {s1. 82, ..., S, } as a set, to a tuple (s;, S, ..., s,). To do that, we use the canonical
ordering on the R. Using the canonical order on R, the finite subset sz is an ordered
set. So. we consider the case of sy C s.

Consider sy C s. Let sy = {s41. 5, ..., S} The question is to find a canonical
ordering on the set sy = {su, Si2, ..., Sin} toO get (sq, St2, ..., Stn). Each sy € s has a
unary code (@i, @i, ..., @y, ). So, say sy < s if either (the same argument works for
coding the set sg):

1. i = j and (@i, Gia, ..., @n,,) = (@1, @2, ... Q).
2. n; <.

3. n; = n; and if k is the least number such that n; # n;, then a;z < aj; in the
sense defined in 2.4.

Now take the "sp 7U" sy U Tsg ! as the code for the s. O
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2.5 Elimination of Imaginaries for RCV F

In this subsection, we put together what was discussed in the last three subsections,
the result of which is that RCV F eliminates the imaginaries down to the geometric
sorts. Hence, the target is the following theorem:

Theorem 2.5.1. The theory of RCV F' eliminates the imaginaries down to the geo-
metric sorts G = {K,US,,UT,,}.

Proof. We proceed by the criterion mentioned in 2.1. The first condition is verified
by 2.2.1. Second condition is verified in 2.3.3. The third one is 2.4.7. Note that the
first two conditions are regarding finding codes in R, ;s i.e. the Johnson-Geometric
sorts. While the third condition is verified with respect to the HHM-geometric sorts.
Here, we use the Theorem 2.6.4 of [HHMO6] for the first two items to find codes
in the HHM-Geometric sorts. Hence, RCV F eliminates imaginaries down to the
HHM-Geometric sorts. a
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Introduction

Physical phenomena can be explained in variant types of space-times, such as flat,
like Minkowski, or curved space-times. In each of them, numerous properties may appear,
such as chronology-violating, meaning that an event a preceding an event b might occur
after b. An example of the chronology-violating space-times we want to study in this
paper is a universe containing CTCs, which entails curved space-time.

1. Closed Time-like Curve
2. S. Aaronson
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A vector v = (x,y,z,t) = (J, t) in space-time, demonstrating a movement with

spatial difference d intime t, is time-like if |cf| < ct, meaning that d has been taken with
a velocity less than light's and can be in a particle’s world-line.

A Closed Time-like Curve, or CTC for short, is a time-like line with the same
starting and ending points. Since it is time-like, it can be a particle’s world line. Any
particle of the system owning this kind of world line may return to a state of its past, or
in other words, a coordinate of space and time that has been before.

The possibility of the existence of CTCs was raised for the first time by a dutch
mathematician, Willem Jacob van Stockum. [13] After that, Kurt Godel introduced the
Godel metric as a solution to Einstein’s field equations, expressing a universe containing
CTCs. [7] Factually, Einstein formulated the field equations, also known as EFE, within
the general theory of relativity in [5]. Since then, several solutions have been found for
EFE, which are called metrics. These solutions tend to describe universes that include
exotic features; for instance, black holes in the Schwarzschild metric, traversable
wormholes in the Morris—Thorne metric, and CTCs in the GAdel metric.

Intuitively, a space-time equipped with CTCs provides the possibility of traveling
back in time. Similar to someone starting going rightward on the spherical earth and
finally reaching a coordinate lefter than their departure point, a particle of the system can
enter the CTC and move forward on it and, by the passage of time, since CTC is closed,
eventually arrives at a time before its travel’s starting. [12] This feature causes several
paradoxes, such as consistency [1][9], Fermi?® [10], Newcomb [14][3], causality loop
[11], and knowledge creation [2].

Various methods have been introduced to eliminate associated paradoxes with CTCs,
for instance, Novikov’s self-consistency principle. [6] Based on the fixed-point
approach that Deutsch proposed [4], Aaronson introduced TMr¢ and suggested a TMcr¢

program to solve the halting problem. [2]

The Problem and Proposed Solution

We bring up doubts, as a result of our universe’s physical constraints, about the proof
of computability of the halting problem with TMcrc.

Suppose a particle x of a universe containing CTCs, is born at t, and goes
toward the future until t_,, a time before its birth. Then, if x continues its motion
on the CTC and reaches t, without any damage, assuming that all the other

22 For given answers to this paradox, see [12] and [8].
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particles in the first visit of t, by x are identical to the second turn, x will be born
again. Thus, there will be two x’s in the universe. Likewise, the movement of both

x’s toward the future leads to having infinitely many x’s, which seems impossible.

©

Fig. 1: The motion of a particle x ona CTC.

Similarly, if a TMcrc running the halting problem program starts its computation at
to with a (P) on Ry, and a y on its Ry returns to t,, by the above argument, there will
be infinitely many of it in the world.

Consequently, the following axioms can be stated for a classical universe containing
CTCs:

Strong Axiom: No particle survives a full round of movement on a CTC and will be
destroyed before returning to its starting point in space-time.

Weak Axiom: Every Turing machine rounding on a CTC, will be destroyed before
returning to its starting point in space-time.

Premising the weak axiom, no TM ¢ is able to use information from the future.
Meaning that y will not get any closer to a halting history.

To solve the problem, assume a TMcyc, M, starts its calculation at t,, moves in
positive time until t;, continues moving in negative time, reaches t, < t, and moves
again in positive time to reach t,. From the weak axiom, M will be destroyed at t; when
t, < t3 <ty and M is moving in negative time, or t; when t, < t; < t,and M is moving
in positive time.
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Suppose another TM ¢, M', can be placed in M’s path before reaching t; or t3, which
we call the data transferring hypothesis. The calculated output of M until that moment

can be used as input of M', which will move from t; or t3 to t,, when it gives its data as
input of M.

Within this, M can use the information gathered by moving on a CTC, and the given
proofs of TMrc will be valid.

(a) (b)

Fig. 2: Data transferring between Turing machines M and M .

A prerequisite of the data transferring hypothesis is the existence of Turing machines
throughout time; since otherwise, in the first round of the CTC, there was no Turing
machine in space-time until 1936, when Turing machines were invented. However, in the
subsequent rounds, there should exist at least one Turing machine at every moment,
including before 1936, to establish the data transferring hypothesis. This leads to visiting
dissimilar universes in different cycles on the CTC.

IY L &yl oo
VE ) sl ¥ asd e
(05 oo g ) VFiY -

(sS85 ) VY0



Ol hie ezl Al Gioles aond
ForalS ple g Lol 0aSiils ¢S el oKl
VFe) wanl ¥ gy

CTC rounds

vand #¥ porand " round

Owmede observer
w 2T r W

Fig. 3: The different cycles the data transferring hypothesis requires. Red lines show the time
that Turing machines exist which is not the same in the first and second rounds.
Also, the assumption that CTC does not return to a specific moment is rigid.
Therefore, It is reasonable to discuss other models in which the starting and ending points
are not necessarily similar.

(a) (b)

Fig. 4: Chronology-violating models rather than CTC.

By the above, the data transferring hypothesis also seems like not possible in our
universe. So, we will discuss possible situations that a universe containing CTCs may
have in the next section.

Possible Situations

We discuss possible cases for a universe equipped with CTC. There might be other
missed cases, and we request readers notify us if they attained any other reasonable
scenario.

The weak axiom without further conditions

In this case, although the data transferring hypothesis would be a helpful claim in
possible universes, it does not work in our world.

Returning to an approximately equivalent universe

Supposing some items of the universe, such as the existence of Turing machines, can
be different in two rounds on CTC, the prerequisites for the data transferring hypothesis
will be held and deduced results in [1] and [2] are valid.
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The weak axiom in the last possible moment

Assuming particles on CTC can move in both time directions until returning just
before their birth moment, when they are destroyed and immediately recreated, the
problem remains for Turing machines.

Transferring data between various Turing machines

Implementing the data transferring hypothesis amongst more than two Turing
machines requires the existence of Turing machines at every moment of the cycle.
Therefore, the problem still remains.

Transferring data between different time directions

The possibility of the data transferring hypothesis between a Turing machine moving
in the positive and one in the negative direction of time eliminates the necessity of the
existence of Turing machines at all times and solves the problem. Nevertheless, it is
unlikely to be feasible.

Conclusion

After studying the definition of CTC, we considered the proof of computability of the
halting problem by TMcrc in [2]. It raised the physical objection discussed as weak axiom
and strong axiom, leading to the inability of TMyc to solve A, sets.

We tried to address this issue using the data transferring hypothesis, which also
required other infeasible conditions.

Finally, we reviewed the possible physical scenarios as far as we could think of for a
universe containing CTC, albeit there might be additional scenarios that we welcome
being acquainted with.

References

Aaronson, S. (2005). Guest column: NP-complete problems and physical reality.
ACM Sigact News, 36 (1), 30-52.

Aaronson, S., Bavarian, M., & Gueltrini, G. (2016). Computability theory of closed
timelike curves. arXiv preprint arXiv:1609.05507.

IV Il PR
VE) sl ¥ s

(05 sloee g ) VFuY -

(my=,s 89 4) V-



al

Olpl lhie rezul ldls joles yanos
)"Wls f;?l‘c 9 64[4) IRLHREY ‘)HS)M| olKisls
VE) il F oY
Craig, W. L. (1988). Tachyons, time travel, and divine omniscience. The Journal of
Philosophy, 85 (3), 135-150.

Deutsch, D. (1991). Quantum mechanics near closed timelike lines. Physical Review
D, 44 (10), 3197-3218.

Einstein, A. (1916). The foundation of the general theory of relativity. Annalen der
physik, 49, 769-822.

Friedman, J., Morris, M. S., Novikov, I. D., Echeverria, F., Klinkhammer, G., Thorne,
K.S., & Yurtsever, U. (1990). Cauchy problem in spacetimes with closed timelike curves.
Physical Review D, 42 (6), 1915.

Godel, K. (1949). An example of a new type of cosmological solutions of einstein’s
field equations of gravitation. Reviews of Modern Physics, 21 (3), 447-450.
Hawking, S. W. (1999). Space and time warps (public lecture).

https://www.hawking.org.uk/in-words/lectures/space-and-time-warps:  The  Stephen
Hawking Estate.

Hawking, S. W., & Ellis, G. F. (1973). The large-scale structure of space-time.
Cambridge, England: Cambridge University Press.

Jones, E. M. (1985). "Where is everybody?” an account of fermi’s question. Los
Alamos National Lab., NM (USA).

Lobo, F., & Crawford, P. (2003). Time, closed timelike curves and causality. In The
nature of time: Geometry, physics and perception (p. 289-296). Springer.

Smith, N. J. (2021). Time travel. In E. N. Zalta (Ed.), The stanford encyclopedia of
philosophy (Fall 2021 ed.). Metaphysics Research Lab, Stanford University.
https://plato.stanford.edu/archives/fall2021/entries/time-travel/.

van Stockum, W. J. (1938). Ix.—the gravitational field of a distribution of particles
rotating about an axis of symmetry. Proceedings of the Royal Society of Edinburgh, 57,
135-154.

Wolpert, D. H., & Benford, G. (2013). The lesson of newcomb’s paradox. Synthese,
190 (9), 1637-1646.

IV Il PR
VE) sl ¥ s

(05 sloee g ) VFuY -

(my=,s 89 4) V-


https://plato.stanford.edu/archives/fall2021/entries/time-travel/

Ol e el Ll Gioles Groms
amalS pole g ol 0aSiails €05l olKtils
VEe) il F o ¥

Martin's Maximum, Woodin's P_max axiom (*), and Cantor's
Continuum Problem

Ralf Schindler
University of Miinster

Abstract: In 2019, D. Aspero and the speaker showed that Martin's Maximum”++
implies the P_max axiom (*). This amalgamated two prominent maximality
principles which before had often been considered as competitors. We provide
some background, give a hint about the proof method, and mention further
developments and open questions for future research. We also discuss to which
extent our result has a philosophical impact, in particular concerning the
question as to how many real numbers there are.
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A Galois connection between Turing jumps and limits

Vasco Brattka
University of the Bundeswehr Munich

Abstract: We discuss a Galois connection between Turing jumps and limits that offers a
fresh view on the class of limit computable functions and its properties. This view does
not only offer simplified proofs of many known classical results in computable analysis,
but also new insights. With this approach we also propagate a more uniform view on
computability theory in general.

T &yl oo
VPV aanl ¥ oasio,

(Ol owe 235 ) ) =¥

(g, <35 Vi) -



al

Ol e el Ll Gioles Groms
amalS pole g ol 0aSiails €05l olKtils
VEe) il F o ¥

About a Proof ( TC + CON(TCH)H(P # NP))

Farzad Didehvar
Amir Kabir University (Tehran Polytechnic)
didehvar@aut.ac.ir

Abstract: In this talk, we introduce Theory of Fuzzy Time Computation (TC").
We show this theory is as plausible as Theory of Computation (TC) in Modeling
Physical world. As an advantage, we show TC"* is a better theory to consider for
Complexity Theory problems respect to TC. More exactly, first we define the
correspondent complexity classes in the new theory as P*, NP7,
BPP*, MA*, AM*[1], [3], [5], [6], [7].

In the novel Theory, We prove P* = BPP*, MA* = AM"* [3].

As the major result of this talk, we show TC + CON(TC*)F(P # NP) [4]. We try to
explain the details of the proof.

We provide a reason to show CON(TC") is plausible in the real world. To do that,
we introduce a novel interpretation of Quantum Mechanics (Fuzzy time-Particle
interpretation of Quantum Mechanics) [2]. In addition to the above, some
Mathematician and Philosophers like Brouwer and Husserl believed some ideas
similar to the Fuzziness of Time [8].

Keywords: TC*, scope*, P # NP, P* # NP*, Fuzzy time
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On the benefit of sound proofs based on unsound rules

Matthias Baaz

Vienna University of Technology

Abstract: Hilbert's definition of a proof of A as a sequence of formulas A1,A>, ...
where every formula is an axiom or immendiate consequence of formulas with
lower index and A last formula dates back to Hilbert's Geometry. (This is the
origin of the axiomatic method in mathematics.). In contrast to earlier more
global notions of proof every subsequence is a proof in its own right. Therefore,
the soundness of a proof can be established by induction on the length of the
proof, i.e. soundness and completeness results are not symmetric in complexity.
In this lecture sound proofs based on unsound rules - in contrast to the Hilbet
concept - are investigated. The rules are based on relaxed eigenvariable
conditions and the soundness of the proofs are guaranteed by global constraints.
A non-elemtarily bounded speed-up of cut free proofs with these rules w.r.t cut
free proofs with the usual Lk-rules is established. Furthermore, it is shown, that
such relaxations of eigenvariable conditions are necessary to develop analytic
calculi for quantifier macros or Henkin quantifiers.
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A property for minimal but not strongly minimal structures

Nazanin Roshandel Tavana
Department of Mathematics and Computer Science, Amirkabir University of
Technology, Tehran, Iran

Abstract: For a countable first order language L, an infinite L-structure is minimal if
every definable subset with parameters in M is finite or cofinite. A minimal structure M
is strongly minimal if every elementarily equivalent structure to M is minimal. It is
obvious that every strongly minimal structure is minimal. But there are some examples
of minimal but not strongly minimal structures, as (o, <). The question which is studied
in this peper is as follows.

Q: Let M and N are minimal but not strongly minimal structures with M = N. Then, is M
= N? This conjecture is due to A. Nurtazin from 2004,

In this article, This conjecture will be rejected.

Keywords: Minimal but not strongly minimal structure, Hrushovski construction.

If M is a minimal but not strongly minimal structure then there is a
formula ¢(z, ) such that M has arbitrarily large subsets of the form (M, a),
where

e(M,a)={z€eM: M [ p(z,a)}.
At the first stage, we assume | § |= 1. Define
Ai={aeM:|p(M,a) |=i},
and
Bi={a€e M:|-p(M,a) |=i}.
Observe that each A; and B; is ()-definable, so by minimality, is finite or
cofinite.

Claim 1. FEach set A; and B; is finite.

Proof. Suppose this is fals. So, some A; or B; is cofinite. This yields there are
finitely many different sizes of sets ¢(M, y) as y varies, a contradiction. [J

Claim 2. |J,.y(Ai U B;) = M.
Proof. Suppose a € M\ |J,.y(A;i U B;). Then, both ¢(M,a) and —p(M, a)
are infinite. contradicting minimality of M. O
T 1)) gloj
VE) il ¥ iaio

(Ol 5 oo By a) V0:e -
(oS <dga) V)Y



®
4

Olpl lhie rezul ldls joles yanos
FoeeolS psle g 2k 0uSLals €S el oKl
VE) sl F oY

It follows that M is a union of the finite (-definable sets D; = A; U B;.
Likewise, if N = M is minimal then for the same reason N is the union of the
finite (-definable sets D¥. Since DM = DY, for each i, we have DM = DN,
Konig lemma implies that M = N.

At the second stage, we should prove this for | y |> 1. It is an imme-
diate result of the modification of some theorems in [1]. This article uses
Hrushovski method to refuse Zilber's conjecture. Actually, a minimal but
not strongly minimal structure with non-zero dimension is constructed in
this paper.

Let L consists of a ternary relation, R. Define y(A) =| A| — | R* | and
y(A/B) = y(AU B) — y(B). The set B is called closed in M if for every
finite X € M, y(X/B) > 0. For every finite A C M, there exists a unique
smallest finite B D A with B < M which is denoted by ¢l;(A). Also, define
du(A) = y(clu(A)) and dy(A/B) = dy(AB) — du(B).

Definition 0.1. 1. K is the class of all finite L-structure such that for
every nonempty X C A, y(X) > 0.

2. Fix n with 0 < n < w. We can take a biminimal pair (C*, F*) such
that C* U F* € K, y(F*) =n+ 1, and | C* |> 1. Choose a function u
from isomorphism types of bimimal pairs except (C*, F*) to w with the
property u(C, F) > y(F'). Also, for any L-structure A and any copy F
of F* in A, define

pa(F)=max{k <|A—-F |- F < A}u{n+1}.

Then, B € K, iff
1. BeK, and
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2. for every biminimal pair (C, F') with F C B, if (C, F) 2 (C*, F*) then
x8(C/F) < u(C, F), else, xg(C/F) < pp(F).

So, K and also K, have free amalgamation property.
Moreover, there is a generic structure M such that every finite substructure
of M is in K,,, with strong embedding and closed under substructure. This
structure is saturated and not minimal.

Now, by genericity of M, one can take I C M with dy/(I) =| I |=n. Fix
a prime M,, < M over I. Then, M, is a minimal structure with dim(M,,) = n.

For every k£ < n, one can modify the proof and get a minimal structure
M, < M with dim(M,) = k. Thus, M} = M,, but M, 2 M,,. Therefore, it
rejects the conjecture.
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Surprising or Predictable? Weak Systems Have Hard Theorems

Raheleh Jalali
Utrecht University

Abstract: Given a proof system, how can we specify the “hardness” of its
theorems? One way to tackle this problem is taking the lengths of proofs as the
corresponding hardness measure. Following this route, we call a theorem hard
when even its shortest proof in the system is “long” in a certain formal sense.
Finding hard theorems in proof systems for classical logic has been an open
problem for a long time and is highly related to the famous P versus NP problem.
However, in recent years, as a significant progress, many superintuitionistic and
modal logics have been shown to have hard theorems. In this talk, we will extend
the aforementioned result to also cover a variety of weaker logics. We show that
there are theorems in the usual calculi for many substructural logics and basic
propositional logic, BPC, that are even hard for the intuitionistic systems.
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Subordination Algebras as Semantic Environment of
Input/Output Logic

Andrea De Domenico?, Ali Farjami?, Krishna Manoorkar, Alessandra
Palmigiano, Mattia Panettiere, and Xiaolong Wang

1. Vrije Universiteit, Amsterdam

2.Iran University of Science and Technology

Abstract: Input/output logic has been introduced as a formal framework for
modelling the interaction between logical inferences and other agency-related
notions such as conditional obligations, goals, ideals, preferences, actions, and
beliefs. This framework has been applied mainly in the context of the
formalization of normative systems in philosophical logic and Al. Although,
initially, this framework was intended “not [for] studying some kind of non-
classical logic, but [as] a way of using the classical one”, its generality and
versatility makes it very suitable to support a range of enhancements in its
expressiveness, such as those brought about by the addition of modal operators.
Moreover, recently, there has been an interest in studying the interaction between
the agency-related notions mentioned above with various forms of nonclassical
reasoning. This interest has contextually motivated the introduction of algebraic
and proof-theoretic methods in the study of input/output logic.

Keywords: input/output logic; subordination algebra; modal logic; Sahlqvist
theory
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In this talk. we contribute to the latter research direction in the mathematical background
of input/output logic (as defined in [11]) by introducing an algebraic semantics for it, based on
(generalizations of) subordination algebras [1]. These can be defined as tuples (A, <) such that A is
a Boolean algebra and < is a binary relation on A such that the direct (resp. inverse) image of each
element a € A is a filter (resp. an ideal) of A. Subordination algebras are equivalent presentations
of pre-contact algebras [10] and quasi-modal algebras [2. 3]. Since their introduction, subordination
algebras have been systematically connected with various modal algebras (i.e. Boolean algebras
expanded with semantic modal operators). This has made it possible to endow various modal
languages with algebraic semantics based on subordination algebras, and use these languages to
axiomatize the properties of these subordination algebras. In particular, Sahlgvist-type canonicity
for modal and tense formulas on subordination algebras has been studied in [5] using topological
techniques; in [9], using algebraic techniques, the canonicity result of [8] was strengthened and
captured within the more general notion of canonicity in the context of slanted algebras, which was
established using the tools of unified correspondence theory [5, 6, 7]. Slanted algebras are based
on general lattices, and encompass variations and generalizations of subordination algebras such as
those very recently introduced by Celani in [1], which are based on distributive lattices, and for
which Celani develops duality-theoretic and correspondence-theoretic results.

In this talk, we propose a semantic framework in which the subordination relations < of (proto-
Jsubordination algebras interpret the normative system N of input/output logic. This makes it
possible to conceptually interpret the meaning of < in terms of the behaviour of systems of norms,
to systematically relate rules of N with properties of <, and to interpret the output operators in-
duced by N as the modal operators associated with <. We characterize a number of basic properties
of N (or of <) in terms of modal axioms in this language. Interestingly, some of these properties are
well known in the literature of input/output logic, since they capture intuitive desiderata about the
interaction between norms and logical reasoning; some other properties originate from purely math-
ematical considerations, and have been dually characterized in Celani’s correspondence-theoretic
results in [1]. Thanks to the embedding of subordination algebras in the more general environment
of slanted algebras, we have a mathematical environment for systematically exploring the interac-
tion between norms and different modes of reasoning, and a systematic connection with families of

logical languages which can be applied in different contexts to axiomatize the behaviour of varions
generalized systems of norms; this more general environment allows to also encompass results such
as Celani's correspondence for subordination lattices as consequences of standard Sahlgvist modal
correspondence,

Similar to the duality between necessity and possibility in modal logie, the notion of conditional
permission (sometimes referred to as negative permission) has been introduced as dual to conditional
obligation: “a code permits something with respect to a condition iff it does not forbid it under
that same condition, i.e. iff the code does not require the contrary under that condition™ [12]. The
duality between subordination relations and pre-contact relations [10] allows us to propose precontact
relations for modelling conditional permission. Time permitting, we will discuss the relationship
between pre-contact algebra and different concepts of permissions proposed by Makinson and van
der Torre [12],
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